Abstract-The noise properties of phase sensitive amplifiers based on degenerate four-wave mixing in optical fibers are studied taking into account the quantum noise amplification, the amplitude and phase noise properties of the pump sources. An analytical tool is presented for the direct calculation of the amplifier noise figure also verified by extensive numerical simulations. The signal power dependence of noise figure is both analytically and numerically accented. The need for high speed and precise phase locking is also revealed in order to diminish the effect of phase noise on the noise properties of the amplifier.
power fluctuations attributed to the necessary optical amplification, and the Raman induced noise [6] - [8] . Concerning the phase sensitive amplification, the first and third terms have been theoretically addressed showing on one hand the phase sensitive nature of noise figure [9] and its declination from the ideal 0 dB performance due to the Raman effect [10] . This paper focuses on the impact of pump phase and amplitude fluctuations on the noise performance of the phase-sensitive amplifier. Following a semi-classical approach, an expression of the amplifier noise figure attributed to amplified quantum noise is derived and compared to previous findings of [9] . Beyond this, an analytical tool for the estimation of amplitude and phase noise variance of the pump waves considered as semiconductor lasers is presented. Based on this tool, the accurate expression of the noise figure of a degenerate dual-pump phase sensitive amplifier is derived and numerically verified by extensive simulations. Except from the well-known effect of pump intensity fluctuations on the gain variations experienced by the signal, the phase noise effect is also highlighted. More precisely, the dependence of the amplifier noise performance on the speed of the phase locked loop (PLL) mechanism incorporated in order to acquire a stable phase relation between the three interacting waves is revealed. According to the analytical and numerical findings, the precise phase locking and the high-speed monitoring of the phase relation are of high importance in order to acquire low-noise performance.
The paper is structured as follows: Section II includes basic theory on the gain of degenerate phase sensitive amplification based on dual-pump four-wave mixing. In Section III, the basic aspects of noise in this type of amplifiers are theoretically analyzed. In Section IV, analytical and numerical results on the noise performance of PSAs under various conditions are discussed. Finally, the basic conclusions on the results of this work are provided in Section V.
II. GAIN OF DUAL-PUMP DEGENERATE PSA
The PSA scheme considered in this work is based on the dual-pump degenerate FWM in fibers where the two pumps and the signal have the same polarization state. The conceptual scheme of this amplifier is shown in Fig. 1 . In the same figure, the pump amplitude and phase noise effect on parametric gain is highlighted as well. The frequency condition for phase-sensitive interaction is , where and are the frequencies of the pump waves, while is the frequency of the signal. Under this condition, the idler coincides with the signal, and their interaction becomes dependent on the input signal phase [4] . Using a small-signal approximation, the 0733-8724/$26.00 © 2010 IEEE phase sensitive relation of the output signal with respect to the input signal can be expressed as [4] :
where functions are expressed as
and are the phase-matching factor and the parametric gain coefficient respectively. Moreover, is the HNLF nonlinear parameter, are the two pump powers, and are the input pump fields and is the linear phase mismatch factor related to dispersion parameters according to (4) where and . The parameters and are the second-order and fourth-order dispersion parameters of the fiber at .
In the next section, the noise properties of the specific device are discussed.
III. NOISE IN DUAL-PUMP DEGENERATE PSAS
In principle, the noise properties of a fiber parametric amplifier are determined by four noise components; the quantum noise, the amplitude noise of the pumps, the overall phase noise of the participating waves and the Raman induced noise. This analysis focuses on the first three factors. The generic expression of noise figure of fiber optical parametric amplifiers ignoring the Raman induced noise and assuming shot-noise limited signals is the following [8] . (5) where the noise figure of the amplifier determined by the amplified quantum noise (AQN), assuming noiseless pump sources, the amplifier gain, the shot-noise variance of the detected input signal and the excess noise added by the amplifier due to the non-ideal pump sources. The quantum noise constituent is the one that poses the lower limit of the noise figure value. The noise figure explicitly determined by the amplified quantum noise has been already presented in [9] . In this work, we derived the formula of with the quantum noise being classically treated as a white noise process with power spectral density equal to . Considering that the input signal is shot-noise limited the input electrical signal to noise ratio (ESNR) is equal to (6) where the responsivity of the photodiode equal to , with being the electron charge equal to C, the Planck's constant and the signal frequency (the quantum efficiency is assumed to be ). Moreover, is the bandwidth of the electrical filter placed after the photodiode. At the output, the ESNR can be calculated utilizing expression (1) and replacing by where is the semi-classically treated quantum noise process. After some algebraic calculations which ignore QN-QN beatings, the quantum limited noise figure of the PSA is found to be (7) where the phase of the input signal and the phase-insensitive gain of the same amplifier. Expression (7) has been derived assuming that the phases of both pumps are . The noise figure expression is signal power independent in contradiction to expression (87) of [9] . In the next section, (7) is compared to (87) of [9] and their differences are highlighted. Generally both expressions show that the noise figure is in principle phase dependent analogously to gain. The lower noise figure (0 dB) is expected when the signal experiences the maximum gain.
As already known from the noise theory of phase insensitive fiber parametric amplifiers, the pump source induces gain fluctuations related to its amplitude noise [8] , [11] , [12] . This gain variation is experienced as an amplitude noise by the signal and the generated idler wave. Hence, parameter in (5) contains the effect of pump power fluctuations in parametric gain according to the expression below [8] , [11] . (8) where , the parametric gain derivative over the pump power of the -th pump source calculated at the average power of the wave, and the noise induced variance of the -th pump source which is a superposition of the source relative intensity noise and the amplified spontaneous emission (ASE) added after the necessary amplification of the pump source by an erbium doped fiber amplifier (EDFA) in order to boost the pump laser up to a power of hundreds of milliwatts. Up to now, all the studies take into account the latter factor [8] , [11] . In this analysis, we analytically derive the pump power variance as a result of both intrinsic laser noise and the beating of laser with ASE in the photodiode.
Expression (8) has been proved to predict the noise transferred from the pump to the signal in phase-insensitive parametric amplifiers with a very good accuracy [8] . In phase-insensitive amplifiers, the phase variations of pump waves do not affect the signal gain as the amplifier gain is not dependent on the input waves relative phase. The reader should not confuse phase noise variations of pump waves with the pump phase modulation used for stimulated Brillouin suppression. The latter is possible to cause gain fluctuations, as a result of the dynamic variation of phase mismatch in fibers with moderate dispersion slopes [13] . In our analysis, the phase modulation is neglected and we focus on the intrinsic amplitude and phase noise of the pump sources. Expression (8) can be extended in order to take into account the impact of the pump phase variations on the noise figure of PSA. The practical implementation of a phase-sensitive amplifier requires a phase-locking mechanism for the preservation of the phase condition for maximum parametric gain. The pump phase noise effect on the noise properties of the amplifier is directly related to the bandwidth of the PLL mechanism, which corrects the relative phase of the three waves in order to acquire the maximum gain over time. The higher the bandwidth of the PLL is, the less the gain fluctuations attributed to pump laser phase noise that will be induced. Without loss of generality, in our analysis we consider that . We follow the first-order approximation for the gain dependence on phase as well considering that the signal phase noise is negligible. Hence, (9) Where the average value of the phase sensitive gain and the phase fluctuations of the two pump sources, due to their intrinsic phase noise. Considering that the amplitude and phase noise of both pumps are uncorrelated to each-other, the excess noise appearing in (5) for dual-pump phase-sensitive amplifiers is finally given by the expression (10) Moreover, assuming that the two pump sources have identical noise behaviour, (10) degenerates to (11) where and . The determination of the power and phase variances is carried out in the next paragraph assuming semiconductor lasers as pump sources.
A. Determination of the Pump Power Variance
In our analysis typical semiconductor lasers are considered. The lasers are modeled based on the well-known rate equations for the complex slowly varying amplitude of the electrical field and the carrier number inside the cavity given below [14] . (12) where is the linewidth enhancement factor, is the differential gain parameter, is the gain saturation coefficient, is the photon lifetime, is the carrier lifetime, is the carrier number at transparency is the modal gain per unit time and is the bias current. Moreover, is the spontaneous emission factor and ) the spontaneous emission process (Langevin forces) modelled as a complex Gaussian process of zero mean and correlation [14] . The laser power variance is determined through the integration of the relative intensity noise (RIN) spectrum. The expression describing RIN spectrum is the following [14] : (13) where is the spontaneous emission rate, and are the mean carrier and photon number inside the laser cavity respectively, is the modulation transfer function of the laser given by the expression (14) and the effective carrier lifetime of the laser given as . The damping of the modulation characteristics is accounted for by a damping frequency which is given by . Moreover, is the relaxation oscillation frequency of the laser expressed as
The power variations of the laser after direct detection can be analytically obtained according to (15) where the average power at the output of the pump source and the responsivity of the photodiode. The integration is feasible in closed form providing the following expression for the electrical SNR (ESNR) of the laser source. (16) where (17) (18) and , Generally, semiconductor lasers emit power of several millwatts. On the other hand, fiber parametric amplifiers require hundreds of milliwatts for pump power in order to achieve parametric gain higher than 10 dB in typical highly-nonlinear fibers (HNLFs). This means that optical amplification will be inevitably employed. The use of EDFAs will enhance the optical power inducing excess noise at the pump source. As it is well known the spectral density per polarization state of the ASE is given by (19) where is the amount of amplification provided to pump wave and is the EDFA population inversion factor. The beating between ASE and pump wave will create pump intensity variations. Considering that the two pump waves are filtered before they are launched into the highly-nonlinear fiber, ASE will remain within their optical bandwidth. After detection, the ASE-ASE beating term can be safely ignored due to the high power of the pump wave and the optical filter placed in order to remove the out-of-band ASE. Consequently, the power variations will be equal to (20) In the above expression, is the average pump power launched into the highly-nonlinear fiber for each of the two pump waves. The RIN of the pump source will be amplified inside the EDFA. Finally, the power variance of each of the pump sources will be equal to (21)
In the above analysis, the thermal noise is not considered as we focus on shot-noise limited signals. The shot noise is not taken into account for the estimation of the power variance for pump waves considering that the combination of RIN and EDFA ASE are the dominant noise factors. In the next paragraph, the phase noise variance is estimated.
B. Determination of the Pump Phase Variance
As already noted, a PSA requires exact and continuous phase locking between the interacting waves in order to provide stable and maximum parametric gain over time. At all the PSA configurations which were experimentally developed in the literature, there existed always a loop mechanism which preserved the phase relation between the pump(s) and the signal. For instance, in [15] the input phase difference was stabilized by monitoring the signal gain and driving a fiber stretcher placed inside the pump wave branch. The bandwidth of the specific mechanism is important. The higher the speed of the locking mechanism is, the less the effect of phase noise on the gain stability will be. In this analysis, we start with the direct estimation of the phase noise of the pump sources based on the intrinsic characteristics of the laser. According to the literature [14] , [16] , the power spectral density (PSD) of the frequency noise is expressed as (22) Analogously, the variance of phase noise of a specific laser source affecting a closed loop phase control mechanism with complex transfer function is given by [16] (23)
It is reminded that is the electrical bandwidth of the photodiode. In this work we consider a locking mechanism with unit transfer function for that is
Based on this simple assumption, the phase variance for each of the pump sources is equal to
The integral appearing in (25) can be calculated in closed form. The expression providing the variance of the phase noise taking into account the bandwidth of the PLL mechanism is (26) where (27)- (29) is shown at the bottom of the next page, and
In order to complete the theoretical analysis, the derivatives of PSA gain with respect to pump power and pump phase appearing in (11) should be also analytically derived. Concerning the derivative with respect to pump power, the formula derived is very long and thus impractical for use in calculations. Instead of it, a straightforward semi-analytical calculation is possible according to the well-known definition of first-order derivative.
(30)
In this way, we semi-analytically obtain the derivative of gain with respect to the pump power of each of the pumps where can be calculated using (4) for any pump power value. In order to obtain reliable results, parameter dP is equal to 10 . As far as the derivative over phase is concerned, a rigorous expression is attained by differentiating over , where the phase of one of the pump waves with respect to the other pump. The phase is inserted in the expression of as follows:
The derivative is equal to (32)
The analytical formulas derived in this section are numerically verified in the next section starting from the comparison of analytical and numerical calculations of amplitude and phase noise of the laser and reaching up to the verification of noise figure predictions.
IV. RESULTS AND DISCUSSION
The results presented in this section, refer to the numerical verification of all the critical expressions presented in the previous section. The starting point is the verification of the noise figure formula of a PSA affected only by amplified quantum noise. It is reminded that (7) expresses the noise figure of the degenerate dual-pump PSA assuming that the phase of the both pumps is stable and equal to zero and that that the phase sensitive operation is totally controlled by the signal phase. In our analysis, a HNLF with length m, nonlinear parameter W km , zero dispersion at nm, dispersion slope d ps/nm /km is assumed. Pump powers are set to mW. The input signal wavelength is 1559.7 nm and the two pump waves are placed at 1540 nm and 1580 nm respectively for the degenerate FWM process. Initially, we use expression (87) from the pioneer paper of McKinstrie [9] and make a comparison with expression (7).
Expression (87) in [9] describes a quantum noise limited noise figure which is dependent on the signal power when low signal powers are concerned. Expression (7) is on the contrary independent of signal power as it is derived based on the assumption that QN-signal beating is the most dominant noise term at the photodetection level. This can be safely considered as long as the input signal phase is away from the point of maximum attenuation (out of phase). In Fig. 2 , results from both formulas are depicted for two signal power levels. Additionally, numerical calculations derived by integrating the nonlinear Schrödinger equation (NLSE) using the well known split-step Fourier method [17] are also included. Both theory and simulations account for up to the fourth-order dispersion and neglect complicated phenomena such as zero-dispersion wavelength fluctuations, Raman effect and polarization mode dispersion. The inclusion of quantum noise in numerical simulations was performed by adding a white noise field to the signal field with power spectral density equal to hf/2 as already discussed in Section I. At this level, both pumps and signal are quantum noise limited waves. The OBPF used to isolate the signal wave after the amplification has a 0.5 nm bandwidth. The receiver has been modeled assuming an electrical square-law detector with constant responsivity, followed by a third-order Butterworth filter with a bandwidth of GHz. 1000 numerical realizations have been carried out for the derivation of a reliable statistical average of the noise figure.
According to Fig. 2 , the noise figure of the PSA is phase dependent analogously to the parametric gain, being minimized (0 dB) where the gain is maximized. Moreover, the analytical approaches of (7) (solid black line) and (87) (dashed and dotted lines) in [9] provide the same results and coincide to numerical findings (squares), provided that the signal is not totally de-amplified. In the inset we see a magnification of the maximum attenuation region. In this region, it is evident that (7) declines from the accurate expression (87) of [9] due to the fact that (7) neglects the QN-QN beatings which are significant in the maximum phase sensitive attenuation regime. The declination in-(27) (28) (29) Fig. 2 . Numerically and analytically calculated noise figure in the quantum limit as a function of signal phase. The analytical results are derived based on (7) and expression (87) of [9] . creases as the input signal power becomes lower. In any case, the region of interest for the PSA applications is close to gain maximum, where all approaches totally agree and are verified by the simulations.
The next step is to numerically evaluate the theoretical predictions for the laser ESNR and phase noise variance related to (21) and (25). For each of the two pump sources we consider a typical single-mode semiconductor laser with ps ps, ns, and . Linewidth enhancement factor and spontaneous emission factor are the variable parameters in our analysis determining both the phase and amplitude noise features of the laser. The laser linewidth is analytically provided by the expression which clearly exhibits the dependence of laser phase noise on both spontaneous emission factor and on linewidth enhancement factor . Utilizing the above parameters, amplitude and phase noise performance which is representative for semiconductor lasers is achieved as it will be shown in Figs. 3, 4 . At high injection currents ( mA with threshold current to be equal to 19 mA) the specific laser source emits of several milliwatts. In order to boost the device to 300 mW, an optical booster is numerically and theoretically considered as an amplifying device with constant gain and noise properties determined by (19) . An optical band pass filter of 100 GHz 3 dB bandwidth in order to remove the amplified spontaneous emission is numerically considered as well. In this study,
. First, we calculate the ESNR of the laser source analytically based on (21) and numerically by integrating the rate equations of (12) and including the noise from the optical amplifier as well. The ESNR values are depicted in Fig. 3 as a function of parameter for considering that GHz and that A/W. The complete agreement between theory and simulations is illustrated. Moreover, in the inset of the figure, the numerically obtained RIN spectrum is also compared to its analytical form as dictated by (13) for s . The agreement justifies the correct prediction for laser ESNR. Analogous results were obtained in order to evaluate the theoretical predictions for the phase noise variance. In this case, the study considered s with the variable parameter being the linewidth enhancement factor of the laser. The theory and simulations were carried out for two phase locking bandwidths, GHz, MHz. In simulations, the locking bandwidth is considered by adjusting the simulation window to 1 ns and 4 ns respectively and the phase variance is calculated by statistically calculating the variance of the phase of the electric field over the specific time. The analytically and numerically calculated phase noise variance is depicted in Fig. 4 . The linewidth of the laser source is also provided at the same figure.
For the specific and values, the linewidth varies from several kHz to almost half a MHz, values that are in line with the specifications of typical contemporary semiconductor laser devices. The comparison shows satisfactory agreement between theory and simulations. It must be noted that the laser phase noise is not degraded by the inclusion of ASE induced by the booster according to the simulation findings which are in line with reported results in the literature [18] . The final step is to numerically estimate the noise figure of the PSA and compare the numerical findings with the generic formula (5) which is based on (7), (11), (21), (25). The noise figure is calculated as a function of signal phase within the range of maximum parametric gain which is of interest. As in Fig. 2 , the numerical simulations include integration of the NLSE. In this case, the pump sources are not noise free waves, but lasers with the same parameters as those used for Figs. 3, 4 and s . Two EDFAs are considered after each pump source with in order to boost the optical power of each laser source from to 300 mW. We consider two equal to 2 mW and 10 mW respectively. For those laser and EDFA parameters the pump sources ESNR is equal to 51.12 dB and 55.5 dB respectively. The optical band pass filters (OBPFs) placed right after the EDFAs used to remove ASE noise around the pumps have bandwidths equal to 1 nm, while the OBPF used to isolate the signal at the output has a 0.5 nm bandwidth. The signal power considered is dBm. Our 1000 simulations are carried out in a time window of 3 ns. At each repetition, the relative phase between signal and the two pumps is fixed at the beginning of this window. In this way, we are trying to simulate the operation of a phase locking mechanism which corrects the relative phase every after 3 ns, equivalently the mechanism has a 333 MHz bandwidth. The analytically and numerically calculated noise figure is depicted in Fig. 5 considering two values and two ESNR for the pump sources. It is evident that theory and simulations agree in a very satisfactory level. Moreover, it is interesting to note that at the gain maximum, the dominant factor for the determination of the noise figure is the intensity noise of the pumps. On the other hand, the phase noise effect is extremely significant as long as the phase condition for maximum gain is not accurately preserved. In our example, maximum parametric gain occurs at signal phase , where dB and dB for dB for (5, 55.5 dB) and dB for dB). At this phase point, the pumps' intensity noise determines the noise figure of the PSA. If the signal phase shifts to , the parametric gain will become equal to dB which is considered a slight gain change, however the noise figure will experience a 0.4 dB increase for and a 2.15 dB increase for at the same dB, definitely due to the influence of phase noise. In the reported experimental PSA implementations, the phase locking mechanism either monitors the parametric gain [15] or directly the relative phase between the interacting waves [19] . Between the two approaches, the second one seems to be more promising in order to precisely adjust the relative input phase and hence develop a low-noise PSA.
In the literature, the common practice is to compare the linewidth of the lasers with the locking mechanism bandwidth for given required performance of the final system [16] . In this paper, the required performance is a noise figure lower than 1 dB. Considering that the monitoring mechanism is able to preserve the phase relation within the range where the gain is fluctuating less than 0.5 dB with respect to its maximum value, we analytically calculate the noise figure as a function of PLL bandwidth for where the gain is maximized and where the gain is 0.5 dB lower than its maximum value for two signal power values. The pump ESNR and linewidth are equal to 55.5 dB and 250 kHz respectively. In Fig. 6 , it is evident that the precise phase locking offers sub-1 dB noise figure for both dBm and dBm even for narrow PLL bandwidth (50 MHz). However, as the phase locking declines from the accurate phase condition, the noise figure becomes extremely dependent on the PLL bandwidth and the input signal power for a given pump linewidth. For non-optimal phase adjustment, sub-1 dB noise figures are achievable for at signal powers lower than dBm. Although the results are carried out considering a semiconductor laser as the pump source, the PLL bandwidth to linewidth ratio requirement for low noise PSAs is applicable for other laser types. Hence, fiber lasers which in principle have lower phase noise compared to semiconductor ones are expected to exhibit more promising results considering the same PLL bandwidth provided that they are not susceptible to acoustic noise.
In Fig. 7 , the dependence of noise figure on relative input phase is illustrated for two phase sensitive gain cases. The pumps have linewidth equal to 160 kHz, dB and are phase locked to the signal every 10 ns (PLL bandwidth equal to 100 MHz). Practically, the minimum value of NF is lower for the amplifier with the lower gain ( dB for mW, dB for mW). In this regime, the amplitude noise is the dominant noise term and for a given ESNR, the pump power variance is higher for the higher pump power used in the high gain amplifier. This explains the slightly higher NF at higher gain. On the contrary, at input relative phases away from the point of NF minimization, the evolution of NF is analogous in the two PSAs, governed by the phase noise effects which are identical in both cases. It must be noted that the point of NF minimization changes slightly in the two cases due to the change of pump power. 
V. CONCLUSION
The noise properties of the dual-pump degenerate phase sensitive amplifier in fibers were studied taking into account the amplification of quantum noise and the amplitude and phase noise of the pump sources. The noise figure was analytically calculated assuming a first-order perturbation of parametric gain from the pump's power and phase fluctuations. The analysis considered semiconductor laser as pump sources and provided formulas for the direct calculation of the intrinsic laser intensity and phase noise variances. All the critical formulas derived in this manuscript were numerically verified with a high accuracy. The noise figure was proved to be signal power dependent as it is also the case for the phase-insensitive parametric amplifiers. The analysis showed that for a 15 dB phase sensitive gain, the noise figure can go below 1 dB when the pumps ESNR is above 55 dB and the relative phase between the pumps and the signal is precisely adjusted in the neighborhood of maximum parametric gain. For non-optical phase adjustment, the bandwidth of the PLL mechanism should be 1000 times higher than the pump's linewidth in order to reduce the phase noise effect on the noise properties of the amplifier. The methodology presented in this work is directly applicable to all possible PSA schemes reported in the literature [4] . This work will be further extended in order to account for the features of realistic PLL schemes that can be employed in order to experimentally implement the specific amplifier. Concluding, the authors would like to mention that a complete analytical tool for the estimation of the noise performance of phase sensitive amplifiers should also include the Raman induced noise and the Brillouin scattering effect. Concerning the former, the authors' perception is that Raman effect will add a pedestal to the noise figure depending on the pump-signal detuning and the type of the fiber [10] without changing the qualitative features of the noise performance of the amplifier. Finally, the Brillouin scattering effect could be efficiently handled by applying counter-phase modulation to the two pumps (after the phase locking process) which will increase the SBS threshold without affecting the NF of the amplifier [20] .
